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Abstract

A competitiv e growth model (CGM) describesaggregationof a singletype of particle under two
distinct growth rules with occurrence probabilities p and 1  p. We explain the origin of scaling
behaviors of the resulting surfaceroughnesswith respectto p for two CGMs which describe random
deposition (RD) competing with ballistic deposition (BD) and RD competing with the Edward
Wilkinson (EW) growth rule. Exact scaling exponerts are derived and are in agreemen with
previously conjectured values|[1, 2]. Using this analytical result we are able to derive theoretically
the scalingbehaviors of the coe cien ts of the continuous equationsthat describe their universality
classes.We alsosuggestthat, in someCGM, the p dependenceon the coe cien ts of the continuous
equation that represerts the universality classcan be non trivial. In somecaseshe processcannot
berepreserted by a unique universality class. In order to show this we introducea CGM describing
RD competing with a constrained EW (CEW) model. This CGM shaw a transition in the scaling
exponerts from RD to a Kardar-Parisi-Zhang behavior when p! 0 and to a Edward Wilkinson

onewhenp! 1. Our simulation results are in excellent agreemen with the analytic predictions.
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. INTR ODUCTION

Evolving interfacesor surfacesare of great interest due to their potertial technological
applications. Theseinterfacescan be found in many physical, chemical and biological pro-
cessesExamplesinclude Im growth either by vapour deposition or chemical deposition [3],
bacterial colory growth [4] and propagation of forest re [6].

For a system exhibiting dynamical scaling, the r.m.s. roughnessW of an interface is
characterizedby the following scalingwith respect to time t and the lateral systemwidth
L:

W(L;t) L f(t=L?);

wherethe scalingfunction f (u) beharesasf (u) u with =2z= foru l1landf (u)
constart foru 1. Theexponert isthe roughnessexponen that describesthe dependence
of the saturated surface roughnessversusthe lateral system size, while the exponert
describesscalingat an early stagewhen nite-size e ects are negligible. The crossweer time
betweenthe two regimesis tg = L*.

A widely studied phenomenologicakquation represeting the non-equilibrium growth of
sud interfacesis the Kardar-Parisi-Zhang (KPZ) equation. In 1+ 1 dimensions,it states

that: Ly
@(x;t) _  @h(x;t) N @(x; 1)
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whereh(x; t) is the local surfaceheight at lateral coordinate x and time t. The coe cien ts

+ (X1) 1)

and represeh the strength of the linear and nonlinear surfacesmaoothing termsrespectively.

The noise (x;t) is Gaussianwith zerovarianceand covariance
hxt) (x3t9 =2Dg (x x% (t t9

where Dy is the strength of the noise. The exponerts characterizing the KPZ equation in
the highly nonlinear strong couplingare = 1=2and = 1=3. In cortrast, at = 0 the
linear Edward Wilkinson (EW) equationis recoveredleadingto the weakcouplingexponerts
= 1=2and = 1=4. When both and are zerothe growth reducesto simple random
deposition (RD) with = 1=2 but a lack of any saturation regime.
There has been a recen interest in the study of competitive growth models (CGM)
analyzing the interplay and competition betweentwo current growth processedgor a single

surface. These CGM are often more realistic in describing growing in real materials [5],
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in which more than one microscopicgrowth mode usually exist. For example,two distinct
growth phaseswere obsened in experimerts on interfacial rougheningin Hele-Shav ows
[7, 8] aswell asin simulations on electrophoreticdeposition of polymer chains [9, 10]. The
resulting universalitiesfrom thesecompeting processesire not well understood [1, 2, 11, 12].
Recerly Horowitz et al. [2] introduceda CGM called BD/RD in which the microscopic
growth rule follows either that of the ballistic deposition (BD) model with probability p or
simple random deposition (RD) with probability 1 p. This systemexhibits a transition at
a characteristic time from RD to KPZ. They found numerically that the scalingbehavior of

W in that model is giving by the empirical form
w I'—F t
p p yL?

Basedon numerical estimates,exact values

(2)

= 1=2 and y=1 3)

have been conjecturedfor the BD/RD model. Basedon this conjecture, the authors con-
cluded using scaling argumeris that the model follows Eq. (1) with p and P32,
Subsequetty, a similar CGM namely EW/RD describingthe competition betweenthe EW
model and RD [1]. The simulations shaved that Eq. (2) also holds with a di erent set of

exponerts which are conjecturedto be
=1 and y=2 (4)

This model can alsobe descriked by Eq. (1) with p>and = 0[1, 11].

In this paper, we explain the scalingform (2) and derive rigorously the exact exponerts
andy using simpleargumerts. In addition, from the above examplesof CGM, onemight be
tempted to concludethat a CGM basedon RD and a model in the KPZ (EW) universality
classshould always leadto an overall processin the KPZ (EW) class. We suggestthat these
naive predictions of the universality is not always correct. Closeexamination of the micro-
scopicdetails of the growth modelsis indeedessenhally. This is illustrated by introducing a
constrainedEW (CEW) model. Although this model essehally belongsto the EW class,a
CGM in the form CEW/RD at su ciently small p resultsin an overall processin the KPZ
universality class. It also demonstratesthat a CGM can crosseer from one universality

classto another by varying p.



II. EXA CT SCALINGS FOR CGMS

In the RD model a particle is dropped at a randomly selectedcolumn increasingthe
local surfaceheight by one. For the CGMs BD/RD or EW/RD descrited above, a particle
is deposited on the surfacefollowing a RD processwith probability 1  p and by another
processA (which is either BD or EW) with probability p. Now, we derived analytically the
exactexponerts andy which characterizethe p dependenceof the scalingbehavior of W
givenin Eq. (2). We considerp! 0. At ead unit time, L particles are deposited. The
averagetime interval betweenany two consecutie A ewerts at any columni is = 1=p
During this period, 1 atoms on average are directly stadked onto the surface
accordingto the simple RD rule. The local height at columni henceincreasesy ; which
is an independen Gaussianvariable with mean— =  and standard deviation - P~
accordingto the certral limit theorem. The meanhowewer only leadsto an irrelevant rigid
shift of the whole surface. We can easily apply a vertical translation sothat == 0. After
these RD ewerts at columni, oneA ewert on averageis expectedat the samecolumn.

Now we considerA to be the BD process.The CGM is then the BD/RD model. When
a BD ewernt occursat columni, its heigh is updated in the simulations accordingto h; !
maxfh; 1;his1;hi + 1g. In the limit p! 0 sothat >> 1, the height of the atom is
negligible comparedwith the incremens due to the RD ewens. The growth rule hence
reducesto

hi ' maxfh; 1;hj:1;hig (5)

We have now arrived at a limiting BD/RD model de ned asfollow: At ewvery coarsenedime
step = 1=p the local height h; at every columni rst changesby an additive Gaussian
noiseterm ; with meanzeroand standarddeviation = p_. Then the limiting BD growth
rule in Eq. (5) is applied to ewery columni. A more careful analysis should accoun for
the fact that the BD ewerts at various columnsindeedoccur randomly and asyndironously
during the period but this will not a ect our result. In this limiting model, the time and
the vertical length scalesare determined completelyby and  respectively. Therefore,
time scalesast = 1=p while roughnessscalesas W 1=p*2. This explainsthe
p dependenceof the scalingform in Eqg. (2). In particular, we obtain the exact exponerts
y=1land = 1=2in agreemeh with valuesin Eq. (3) rst conjecturedin Ref. [1] but not

derived analytically before.



Next, we assumethat A represets the EW growth rule instead. For this growth rule,
a particle is dropped at a random column but when it readesthe surfaceit is allowed
to relax to the lower of the nearestneighboring columns. If the heights at both nearest
neighbors are lower than the selectedone the relaxation is directed to either of them with
equal probability. Our CGM now becomesa EW/RD model. The correspnding derivation
of the characteristic length and time scaless similar to that for the BD/RD case.Assuming
againp! 0, the averagetime interval betweenany two consecutiv EW ewerts at any given
siteis = 1=p. Considera characteristic time n . On averagen RD ewens occur at any
given site leading height incremens with a standard deviation P n . Howewer, only n EW
ewerts take place. The resulting smoothing dynamicsis sud that a big step for instance

p

will typically decreasen height by n. For scalingto hold, the two length scales n andn

have to be identical and we obtain n. The characteristic time scaleconsideredis hence
n 1=p?, while a characteristic length scalefor the surfaceheight is P n  1=p. We have

hencederivedy = 2 and = 1 previously conjecturedin Ref. [1].

1. CEW AND CEW/RD MODELS

We now introduce the constrained EW model (CEW) which is a generalizationof the
EW model. In 1+ 1 dimensions,particles are aggregatedby the following rules. We choose
a site i at random amongthe L possiblesites. The surfaceheight h; at the selectedcolumn
is increasedby oneif this heigh is lower than the valuesh; ; at the neighboring columns.

Otherwise either h; 1 or h;;1, whichewer smaller, is increasedto
hi 1= maxth; 1+ 1;h; cg (6)

If hj 1 = hj.1, either onewill be updated with equalprobability. Growth ati 1 physically
represets the rollover of a newly dropped particle to a lower site nearby under the in uence
of gravity for example. In the original EW model, there is no limit in the vertical distance
transversedduring the rollover and the particle canin principle slidesdown a very deepcli

if one exists next to columni. This is unphysical if there is a nite chancefor the sidevay
sticking of the particle to the cli. In the CEW growth rule de ned in Eq. (6) , this vertical
drop during rollover is limited to ¢ by the processof sideway sticking. Asc! 1 ,itis

easyto seethat CEW reducesto the standard EW model. At ¢ = 0, sideway sticking of



particles occursfrequertly and CEW behavessimilarly to BD, although the precisegrowth

rules are di erent. In the rest of this paper, we put c = 4. As will be demonstratedby the
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FIG. 1: Scaling plot of W=L asfunction of t=L for c = 4 and dierent L values: L = 256 ( ),
L =512(2), L = 1024( ). (a) For p = 0:02 we usethe scaling exponerts characteristic of the
KPZ equation = 1=2 and z = 3=2. The dashedline with slope 1=2 and the dotted-dashedline
with slope 1=3 are used has a guide to shav the RD and KPZ regimesrespectively (b) Show the
sameas (a) but for p = 0.64, with = 1=2 and z = 2, characteristic of the EW. behavior. The
dashedline with slope 1=2 and the dotted-dashedline with slope 1=4 are usedhas a guide to show

the RD and the EW regimesrespectively.

simulations presented later, the CEW model at ¢ = 4 at practical length and time scales
belongsto the EW universality class. Finally, we can de ne the CEW/RD model which is
a CGM basedon RD and CEW. Similar to the de nitions of other CGM de ned above, at
eat simulation step,the CEW growth rule is applied with probability p while a RD ewert
occurswith probability 1 p. Time t is then increasedby 1=L.

Now we presett the simulation results. In Fig. 1(a) and Fig. 1(b) we shav the Log-Log

plot of W=L as function of t=L* for two limiting valuesof p. For p! 0 the behavior is

consisten with the KPZ universality classwith = 1=2 and z = 3=2, while for p! 1 the
system behaves as predicted by the EW equationwith = 1=2 and z = 2. The initial
regime correspnding to the RD deposition, with = 1=2 doesnot scalewith the system

size. In orderto shaw that the universality classdependson p, we compute asfunction of
t using successi® slopesde ned in Ref[13].
Figure 2 plots asa function of log t for di erent valuesof p. At the beginning = 1=2

as expectedfor the initial RD regime. After this early regime, the systemewlveseither to
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FIG. 2: Plot of the dynamic exponert asfunction of log t for L = 8192and di erent p values:
p=002(), p=004(2), p=008( ), p=016(4), p= 032(+), p=064( ), andp= 1.0
(x) shawing the changein the behavior of with time. The valueswhere computed over 100

realizations. The arrows are usedas guidesto show the asymptotic exponerts

the KPZ classwith = 1=3for p! O or to the EW classfor p! 1 with = 1=4. For
intermediate p values (after the RD regime), the system behaves asin the weak coupling
of Eq. (1). It is easyto obsene a transition from an EW to a KPZ for p  0:32 while for

p! O the systemalways belongsto the KPZ universality class.

IV. GENERALIZED CONTINUOUS EQUA TIONS AND SCALING

As we shov above the CEW/RD model has a transition from a KPZ to a EW asthe
tuning parameterp goesfrom 0 to 1. Thusthe nonlinearcoe cient of the KPZ equation
hasto vanishasp! 1. In order to understandthe functional form of (p) we perform a
nite sizescalinganalysisof the growth velocity basedon [14]:

v(L) L fort ts (7)

where v(L;t) = v(L = 1024t) v(L = 10;t) and v(L;t) = hdh=dt. The v correction
shouldgoto zerowhenthe nonlinearterm vanishes.Thus, usingEq. (7) we candetermine
how in the KPZ equationdependson p. In Fig .3 we plot v asfunction of p for xed L

to shav the p dependenceof . From the plot we can seethat the functional form for the
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FIG. 3: Linear plot of asfunction of p. The averageswheretaken over typically 500 realizations.

The errors bars where computed using 5 independent setsof 500 realizations ead.

CEW/RD CGM istotally dierent from the scalingform (p) p*? of the BD/RD model
[2]. For small p values hasa power law dependencewith p, while forp! 1, (pp! O
with a fast deca.. Now we proceedto generalizeEq. (1) for the CGM model applying the
following transformation : h”= hf (p) b, x" = bx and t’ = g(p) t . wherebis the length
transformation. As the interface ewolution of these CGM are independer of b they can be

descriked, after applying the transformations de ned above, by the generalizedcortinuous

equation: L
PO = @D, @Y Ty by i ®
with
(P = o9(p) 9)
® = of (D) o(p) (10)
_ 9P
D) = £ (1)

whereg(p) is relatedto the characteristictime scalewhenthe correlationsbeginsto dominate
the dynamic of the interfaceand f (p) is related to the saturation length scale. Notice that

for the EW universality class o = 0 Using the exact results from Sectl|,
8

(® 2 p'*2; for BD/RD and CEW/RD whenp! O, (12)
P
2 p for CEW/RD whenp! 1,

8



FIG. 4: Log- Log plot of W f (p) as function of t g(p) for L = 8192and di erent p values. In (a)
p=002(), p=004(2)andp= 0:08( ), g(p) = pandf (p) = p¥2. In (b) p= 0:32( ), p= 0:64
(2) andp= 1.0 ( ), g(p) = p? and f (p) = p. Notice the departure from the EW scaling behavior

for p= 0:32
and
8
2 p; for BD/RD and CEW/RD whenp! O,
9P . (13)
T p? for CEW/RD whenp! 1,
Thus Egs. (9),(10) and (11) can be replacedby:
8
© 2 op; for BD/RD and CEW/RD whenp! O, (14)
P
7 0Pk for CEW/RD whenp! 1,
8
2 ,p*? for BD/RD whenp! O,
® (19

0; for CEW/RD whenp! 1,

andD(p) Dg for BD/RD and CEW/RD independart of p Thus, for the CGM belonging

to the KPZ (EW) universality classthe ewlution of the interfaceis given by:

8
dh_ 2 op @Y+ op @EY "4 (1); for BD/RD and CEW/RD whenp! O6)
dt > o P> END & (1); for CEW/RD whenp! 1,
The scalingbehavior of W[11]is then:
8 q__
2 F Do L for KPZ,
W (p)=L ap) o 22p (17)

>

F o oy ; forEW,



that after replacingf (p) and g(p) given by Eq. (12) and Eqg. (13) leadsto the exact scaling
of W predicted by Eq. (2) with the exact valuesof andy derivedin Secll. In Fig. 4 we
showv the Log-Log plot of Wf (p) asfunction of t g(p) in the two limiting p valuesfor xed

L. The results are in agreemeh with our exact results (SeeSecll) and our scalingansatz
(Eq .(17)).

V. CONCLUSIONS

We derive analitically the p dependancein the scaling behavior in two CGMs named
BD/RD and EW/RD. Exact scalingexponerts are derived and are in agreemeh with pre-
viously conjecturedvalues|[1, 2]. To our knowledgethese exact scaling behaviors were not
analytically derived before. This derivation allows us to compute the scaling behaviors of
the coe cien ts of the cortinous equationsthat descrike their universality classes.We in-
troducethe CEW/RD model to showv that not all CGMs can be represeted by an unique
universality class.The CEW/RD isan EW in the limit p! 1 while in the other limit p! O
it followings the strong coupling behavior the KPZ equation. Our simulation results are in

excellen agreemen with the analytic predictions.
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