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The dynamics of many glassy systems are known to exhibit string-like motions each consisting of
a line of particles displacing one and other. By using molecular dynamics simulations, we show that
these motions become highly repetitive back-and-forth motions close to the glass transition temperature and do not necessarily contribute to net displacements. We propose that structural relaxations
are then brought about by pair-interactions between strings. A mean-field theory predicts an ideal
transition between a mobile phase with interacting strings and a frozen phase with isolated strings.
This transition is analogous to the ideal glass transition of the Fredrickson-Anderson facilitated kinetic Ising model. By extending our theory to string populations with a broad distribution of string
excitation rates, we predict a realistic glass transition wherein the systems remain in the mobile
phase close to criticality for an extended temperature range. We further show that the realistic
glass transition we predict is able to account for the Vogel-Fulcher-Tammann empirical temperature
depedence of typical glasses.

I.

INTRODUCTION

When cooled sufficiently rapidly, a liquid can be
quenched into the glassy state, where motions of the
constituent particles become dramatically slowed down
resulting in solid-like responses. Despite its prevalence,
glass transition remains poorly understood [1–3]. Fundamental questions including the nature of the transition and the mechanism for the dramatic slowing down
of the dynamics are still not settled. Existing theories of
glassy dynamics can be broadly divided into two groups,
namely ones that are based on thermodynamic factors
and ones that are based on kinetic factors [2]. Thermodynamic theories exemplified by the Adam-Gibbs theory
[4], random first order transition (RFOT) theory [5, 6],
and elastic theories [7], attribute the kinetic arrest to
a rapid growth in the energy barrier for structural relaxations as temperature T decreases. In contrast, kinetic theories including the mode-coupling theory [8] and
dynamic facilitation [9–12] explain the kinetic arrest by
memory effects or kinetic constraints.
Molecular dynamics (MD) simulations allow access to
the microscopic details of the dynamics [13]. A remarkable discovery is string-like motion in which neighboring
particles arranged in a line displacing one another from
head to tail [14]. They have been observed in simulations of fragile glasses including binary Lennard-Jones
liquids [14, 15], monoatomic Dzugutov liquids [16], and
bead-spring polymers [17]. They are also observed in
experiments of colloidal systems [18, 19]. String-like motions in general are incoherent and consist of independent
micro-strings each of which makes simultaneous coherent
hoppings [16]. Micro-strings are more bounded in length
and most are of lengths 1 to 3 [16]. String-like motions
are often considered as structural relaxations, or α relaxations [15]. Micro-strings have been observed to be

reversible [16, 20] and thus considered as β relaxations
[21]. String-like motions extracted from short-time displacements, which are not necessarily coherent, have also
been interpreted as β relaxations [22]. However, detailed
criteria and mechanisms concerning how β relaxations
are related to α relaxations is lacking.
String-like motions form the basis of several interesting
theories of glassy dynamics. Most of them are thermodynamic theories and assume the existence of a term in the
α relaxation energy barrier proportional to the average
string length l [6, 23, 24]. Assuming also a significant
increase in l as T decreases as suggested in simulations
[17], kinetic arrest follows.
In contrast, kinetic theories in general assume no drastic increase in the energy barrier when cooling toward the
glass transition temperature Tg . In particular, the concept of dynamic facilitation [12] suggests that excitations
must be facilitated by the presence of other excitations.
Diminished facilitation due to a reduced number of excitations at low T then causes kinetic arrest. Spatialtemporal correlations of particle motions supporting dynamic facilitation have been observed in simulations [25]
and colloidal experiments [26, 27].
An early model illustrating facilitation is a spin model
of hierarchically constrained dynamics introduced by
Palmer et. al [10]. In the model, multiple excitations
in the form of up-spins at a lower level are preconditions
for an excitation at a higher level. The slow dynamics
at the higher levels resulting from the constraint then
causes kinetic arrest. An important recent advancement
by Chandler and coworkers [21] is the suggestion of a
physical realization of the model based on string-like motions. The authors identified an elementary excitation as
a micro-string motion and a larger particle displacement
as an excitation at a higher level. A simple dependence
of the dynamic rate on level was then suggested based
on MD and related simulations. However, the detailed
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mechanism about how small displacements combine to
generate large displacements so as to give rise to the observed level-dependent rates remains to be explained.
Another important early model of dynamic facilitation
is the facilitated kinetic Ising model of Fredrickson and
Andersen (FA) [9, 28]. In the two-spin facilitation version, a spin can only change state if two neighboring
spins are excited as up-spins. The model exhibits an
ideal glass transition where sharply below the transition
temperature is a frozen phase characterized by all excitations being immobilized due to entrapment by encircling
de-excited spins. A major challenge is to identify the
excitations and facilitation mechanism and extend the
theory to realistic systems where the glass transition is
not sharp in temperature.
In this work, we perform MD simulations of a glassy
polymer model in which string-like particle hopping motions dominate the dynamics. We find that hoppings
and thus also string-like motions become increasingly reversible and repetitive as T decreases. We argue that
string-like motions, as opposed to only micro-strings, are
mostly β relaxations at low T . Since identical string-like
motions can be reversed and repeated multiple times,
we refer to them as multiple back-and-forth propagation
of a single string. By identifying an elementary excitation as the existence of a string, we then introduce a
kinetic theory of facilitated glassy dynamics. We suggest that the main mechanism rendering string-like motions irreversible and may hence contribute to structure
relaxations is pair-interactions between strings. Pairinteractions also destroy old strings and facilitate the creation of new strings, resulting in string mobility. A mean
field theory thus derived exhibits an ideal glass transition
analogous to that of the FA model with a frozen phase
characterized by isolated immobile strings. We then extend our theory leading to a realistic glass transition.
Examples of string repetitions and interactions which are
crucial to our theory are illustrated by particle trajectories from MD simulations.
The rest of this paper is organized as follows. Section II
presents MD results exemplifying string repetitions and
pair-interactions of strings. Section III derives an ideal
glass transition and its generalization to a realistic transition. In Sec. IV, we discuss detailed properties of string
dynamics and further phenomena at very low temperatures. Section V concludes the paper with a summary
and some further discussions.

II.

STRING REPETITION AND INTERACTION

We adopt a bead-spring model of polymer melts in
which Lennard-Jones (LJ) particles are connected by
nonlinear springs to form chains [29–31] (see Appendix A
for details). Dimensionless LJ units are used in the followings. We find that Tg of our model is about 0.37 from
thermal contraction measurements. At temperature T
close to Tg , particle motions consist of thermal vibrations

FIG. 1. Particle trajectories colored according to time t with
red (blue) being the earliest (latest). (a) Hopping of a single particle as shown by its true trajectory ~r(t). The particle
first vibrates about one site and then hops to another site to
the right. (b) The same motion as in (a) represented by the
coarse-grained trajectory consisting of line segments joining
time-averaged positions ~r c (t). Vibrations before (red) and
after (blue) the hop are deemphasized by the averaging. The
long line segment (green) implies a sudden large displacement,
i.e. a hop. (c) Coarse-grained trajectories of 3 particles arranged in a line performing a string-like motion. Particles
hop to the right and nearly fill the positions of the preceding
particles. The uniform color (green) of the 3 long segments
implies simultaneous hoppings. (d) Coarse-grained trajectories of the same particles in (c) shown for a longer duration.
Four string-like motions (red, orange, light blue, blue) occur,
the first of which is the one in (c). The durations shown are
200 in (a)-(b), 5,000 in (c) and 20,000 in (d), while T = 0.32
in LJ units.

and occasional hops over distances a ≃ 0.9, as indicated
by peaks in displacement histograms. Figure 1(a)-(b)
shows a typical hop of a particle as represented by the
true trajectory ~r(t) [32] and the coarse-grained trajectory
~r c (t) [21] which equals ~r(t) averaged over periods of 5.
As seen, the coarse-grained trajectory clearly illustrates
the hopping motion and will be adopted throughout this
work. In our main simulations, a snapshot of ~ri c (t) for
every particle i is recorded after every period of 50,000.
We consider particle i hopped during a given period if the
recorded ~ri c (t) shows any displacement beyond a distance
of 0.6 within any sub-interval of the period.
It is instructive to visually identify string-like motions
directly by plotting the trajectories of all the hopped particles in a neighborhood. Figure 1(c) shows a typical
string-like motion. A key observation that has motivated
this work is that string-like motions become highly repetitive exhibiting strong memory effects at low T . For the
string-like motion shown in Fig. 1(c), it is subsequently
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reversed, repeated and reversed again as shown in Fig.
1(d). There are thus 4 successive string-like motions.
Repetition of longer and incoherent strings-like motions
(not shown) are also readily observed. Our simulations
show that repetitions become increasingly common and
persistent as T decreases. For example, repetitions of
more than 15 cycles as well as ones lasting for 5 × 106 are
commonly observed at T = 0.30. Repetitions over long
durations usually occur to those far away from the others. String-like motions at higher T are conventionally
considered structural, or α relaxations [15]. Observing
here that they do not contribute to net displacements,
we propose that these oscillatory parts of the motions
should be classified only as caging dynamics or β relaxations alongside thermal vibrations. We will explain later
that the dominant mechanism to suppress the indefinite
repetitions of string-like motions is a pair interaction between strings. After repetitions finally stop and assume
an odd number of hops, only the last outstanding hop of
each particle contributes to α relaxations.

hops and Rα = 1/τα , a measure we use to approximate
the α relaxation rate based on the particle mean square
displacement (MSD) [33]. Here, τα is the time it takes
for the MSD to reach (0.6)2 , a value compatible with our
definition of hops for easy comparison.
For T ≥ 0.38 > Tg , Fig. 2(a) reveals R1 ≃ R2 ≃ Rα
implying that most hops are α relaxations. However,
for Tg > 0.36 ≥ T ≥ 0.34, R1 ≫ Rα showing that
particle hops, which have become increasingly repetitive
(as indicated by Pret in Fig. 2(b)), are more frequent
than the rate of α relaxations. This supports the assertion that oscillatory hops are β relaxations. On the
other hand, R2 ≃ Rα still holds. This motivates us to
propose that the second non-returning hops now dictate
the α relaxation rate. Note that our samples are not
fully thermalized at T . 0.36. Nevertheless, the observation R1 ≫ R2 ≃ Rα , which is based on comparisons
between values that are affected similarly by the same
non-equilibrium effects, should be robust. We have also
checked that values admit no systematic changes if longer
simulation runs are used in the statistical analysis.
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FIG. 2. (a) Plot of particle hopping rate R1 , rate of nonreturning second hop R2 , and MSD-based α relaxation rate
Rα vs 1/T for T = 0.40, 0.38, ..., 0.26. (b) Plot of probabilities
of returning hop Pret and non-returning second hop P2 .

Our main analyses focus on particle hopping statistics
which are independent of the precise definition of strings.
We calculate the particle hopping rate R1 = P1 /δt using
the probability P1 that particle i hops during [t0 , t0 + δt]
where δt = 500. Figure 2(a) plots R1 against 1/T . The
rate of string-like motions per particle is simply R1 /l. We
also study the subsequent motion of a hopped particle i
by evaluating the probabilities Pret and P2 that it will
first perform, respectively, a returning or non-returning
second hop within the 106 duration after the first hop. A
long duration of 106 is used so that undetermined cases
occur at a small probability of 1−Pret −P2 . 0.05. Here,
a hop is defined as returning if the particle returns to
within a distance of 0.3 from the original position ~ri c (t0 ).
A non-returning second hop means that it has displaced
again beyond a distance of 0.6 from the hopped position
~ri c (t0 +δt). Figure 2(b) plots Pret and P2 against 1/T . As
T decreases, Pret rises while P2 drops implying increasing
memory effects. In particular, Pret reaches a very high
probability of 0.93 for the lowest T studied. Figure 2(a)
also plots the rate R2 = R1 P2 of non-returning second

FIG. 3. Displacement pathways of 6 particles during a pairinteraction between two strings illustrated using (a) coarsegrained trajectories and (b) the corresponding schematic diagram. Trajectories in (a) are colored according to time and
the two distant colors (green and blue) of the 7 long segments
imply two set of hoppings performed at different times. The
first string (green) involves the hopping of 3 particles. It
pushes particle j to a new position along the second string
(blue) whereby the 4 particles the second string contains can
hop subsequently. Notice that particle j, which is shared by
both strings and has hopped twice while each of the other 5
particles have hopped only once during the observation period
of 4500. The temperature is 0.32.

We have visually examined the detailed particle trajectories of dozens of non-returning second hops. Interpretation for their origin get significantly easier at low
T . For T . 0.32, all of them can be identified as being
caused by pair-interactions of strings similar to the example of string crossing shown in Fig. 3(a)-(b). Here, a
particle labeled as j is shared by two strings. The first
string-like motion (green) induces the first hop of particle
j. The new position of j enables a new string (blue). The
second string-like motion along the new string then induces the second hop of particle j. This however disable
the first string so that it cannot be reversed unless the
second string is first reversed. If not reversed eventually,
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all 7 hops contribute to an α relaxation.
Based on these observations, we propose that without
pair interactions, string-like repetitions occur indefinitely
exhibiting memory effects and contribute only to β relaxations. Pair interactions can break the repetition and
generate α relaxations.

III.

THEORY OF INTERACTING STRINGS

Each string-like motion involves single hops of n particles, or equivalently n hops of one void in the opposite
direction as will be further discussed in Sec. IV. We define a string of length n as the set of n particles and a
single void that can generate one or more identical or reversed string-like motions. We hence describe Fig. 1(d)
as showing 4 related string-like motions generated by a
single string. In this picture, while string-like motions
describe the actual dynamics, a string is perceived here
to be a configurational feature, characterized by sufficiently low energy barriers in the potential energy landscape (PEL) for the corresponding hopping motions. Its
existence merely implies the associated string-like motion
being energetically feasible rather than whether the motion actually takes place or not. As string-like motions
are random processes, some strings may never generate
any string-like motion during their lifetime.
We now propose a theory of glassy dynamics based
on the evolution of strings under pair-interactions in
the form of string crossings. Here, we refer to quasiequilibrium particle positions like the two shown in Fig.
1(a) as sites. A site is said to be occupied by a void if it
is empty. We can assume that the site which is energetically most stable for the void is at one end of the string.
In fact, if it is in the middle, only one of the two sides of
the string will be excited preferentially in each event and
it reduces back to the assumed situation again. We refer
to this most stable site as the head of the string. Let γe
be the rate at which the void is excited from the head
initiating a forward string-like motion. Suppose the void
reaches the other end and remains there for an average
period of τl and afterward returns to the head producing
a backward string-like motion unless string interactions
take place. Within the duration τl , we refer to the string
as being excited and accordingly the relaxation time of a
string is τl . To simplify the algebra, we assume that an
individual string-like motion is fast compared with τl and
always transverses the whole string. The probability that
a string is excited is hence τl γe . Relaxing these simplifications results in slightly larger excitation frequencies
and durations for sites closer to the string heads but will
not alter our results qualitatively.
A pair interaction requires that two strings cross at a
common site. We classify each newly created string as
being active if it coincides spatially with another existing string, or as passive if it is isolated. Let S = SA + SP
be the total density of strings present in the system and
SA (SP ) be the density of active (passive) strings. Our

theory is of the mean field type based on S and SA , which
provide the simplest measure of the spatial correlation of
the strings. Let κ be the probability that a new string is
classified as being active. To estimate κ, consider partitioning the space into independent boxes each of volume
Vs = l3 Ω, where Ω is the volume of a particle. Assume
that each box can hold an isolated string or multiple overlapping strings and new strings are randomly assigned to
boxes, we get κ = 1 − exp(−SVs ) using the Poisson distribution.
Since active strings interact with both active and passive strings while passive strings do not interact among
themselves, we adopt a pair interaction rate density (see
Appendix B for details)
χ=

1
αSA 2 + αSP SA
2

(1)

where α = τl γe2 Vs based on simple chemical kinetics for
the allowed interactions. After an interaction, both voids
of the strings are relocated as can be inferred from Fig.
3. For simplicity, we truncate all memories after a pairinteraction which amounts to assuming that the new positions of the voids become the heads of two completely
independent new strings. The impacts of this approximation will be discussed in Sec. IV. All particles in both
strings then contribute to uncaging hops and this gives
an α relaxation rate
Rα = 2lχΩ

(2)

Moreover, new strings are enabled at a rate density 2χ,
each of which has a probability κ to be active. Simultaneously, active strings are disabled at a rate density
αSSA according to Eq. (1). Thus, ṠA = 2κχ − αSSA ,
which gives
ṠA = −ακSA 2 + α(2κ − 1)SSA

(3)

Ideal Transition: We first derive an ideal theory describing an ideal (i.e. true) phase transition between
two distinct phases. Equation (3) is formally the logistic equation for population dynamics [34]. It exhibits a
continuous bifurcation transition at κ = 1/2 between a
stable and a die-out which corresponds here to a mobile
and a frozen phase respectively. Assuming a string density of S = S̃ exp(−ES /kT ) where ES is the energy cost
of a void and S̃ = Ω−1 , the transition then occurs at an
ideal critical temperature given by
Tc =

ES
k ln(S̃Vs / ln 2)

(4)

This is because at equilibrium, ṠA = 0 and Eq. (3) reduces to −ακSA 2 + α(2κ − 1)SSA = 0. Below Tc (corresponding to κ < 1/2), Eq. (3) has a single trivial equilibrium solution SA = 0. It represents the frozen phase as
it results in Rα = χ = 0 using Eqs. (1)-(2). In contrast,
above Tc corresponding to κ > 1/2, SA = 0 becomes an
unstable solution and is irrelevant. A new stable solution
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SA = (2 − 1/κ)S > 0 emerges and represents a mobile
phase with Rα ∝ χ > 0. Combining the two cases,
(5)

Intuitively, the criterion κ > 1/2 for the mobile phase
means that at least half of the new strings must be active
to give sustainable pair-interactions as each interaction
needs at least one active string.
Assuming Arrhenius temperature dependence for the
string density, excitation rate and lifetime, i.e. S =
S̃ exp(−ES /kT ), γe = γ̃e exp(−Ee /kT ) and τl =
τ̃l exp(El /kT ) with τ̃l = 0.5/γ̃e , Rα can be calculated
using Eqs. (1), (2) and (5). An application to an viscosity calculation will be presented below. At this point, we
note that similar to other theories of ideal transitions [1],
Rα drops too abruptly to 0 as T is decreased to Tc and
this disagrees with the fact that glass transitions occur
over extended temperature ranges. This calls for refinement of the theory.
Shifted Transition: The above assumption of a uniform string excitation rate γe is unrealistic and a broad
distribution is expected. In principle, each interstitial
position is potentially the head of a string because a particle may be squeezed in. The associated values of γe are
nevertheless negligibly small in most cases. When T is
decreased towards Tc calculated at a given S̃, the predicted dynamics slow down due to proximity to the underlining ideal transition to the frozen phase. However,
additional strings with smaller values of γe comparable
to the rate of the slowed-down dynamics should then be
considered. This decreases Tc according to Eq. (4) and
the system remains slightly above the ideal transition
for an extended temperature range. The ideal transition
can in principle be shifted to Tc → 0 as T → 0. This
is analogous to self-organized criticality in complex systems [35]. There also exists a well-known analog in fluid
flow in porous media with broad channel width distributions. For similar reasons, fluids typically flow slightly
above the percolation threshold with the flow limited by
the narrowest considered channels [36].
Quantitatively, we generalize the simple Arrhenius
forms to
S = (1 + ǫ)S̃ exp(−ES /kT )
γe = γ̃e exp[−(Ee + ǫkTe )/kT ]

(6)
(7)

where ǫ is a parameter for including additional slower
strings and Te is a constant. Also, γe now represents
the excitation rate of the slowest considered strings that
limit the dynamics. The linear dependence of the energy
barrier on ǫ in Eq. (7) corresponds to a constant density
of state with respect to the string excitation energy. We
determine ǫ variationally by numerically maximizing χ.
This is because a small ǫ will bring the system too close
to the frozen phase resulting in too little dynamics, while
a large ǫ also decreases χ due to an underestimated ratelimiting γe . In addition, we take Te ≫ Tc so that at
T = Te , S ≃ SA and χ is maximized conveniently at
ǫ ≃ 0.
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FIG. 4. Plot of viscosity η of polystyrene from experiment
[37] (red dashed line), theory (blue solid line), a VFT fit to
the theory (purple dashed line), and the ideal theory (green
solid line).

Viscosity Calculation: We apply our theory to account for the viscosity of a common glassy polymer,
polystyrene (PS). We choose a low molecular weight M
= 2.4 kg/mol for which Rouse dynamics is fully applicable [38], but generalization to reptation dynamics should
be straightforward. Each chain has 23 monomers, each
of which is identified as a particle. The Kuhn length
of PS is 15 Å corresponding to about 10 monomers
[39] so that the number of Kuhn segments in a chain
is NK = 2.3. Assuming that a Kuhn segment admits an
α relaxation when any one of its 10 monomers performs
an uncaging hop, the relaxation rate of a Kuhn segment
is 10Rα . The polymer relaxation time τR according to
the Rouse model is Nk2 times that of a Kuhn segment
[38] and thus τR = 0.1Nk2 /Rα . The polymer viscosity is
given by [38]
π2
η=
12



ρRT
M



τR

(8)

where ρ = 1.05 g/cm3 is the density of PS and R = 8.31
J/mol-K.
To apply to our model, we calculate χ for each value of
T considered using Eqs. (1),(5)-(7) which involves maximizing χ with respect to ǫ. We then obtain Rα from Eq.
(2) and hence η from Eq. (8). As shown in Fig. 4, we
reproduce the experimental values of η from Ref. [37] reasonably well by taking l = 2, Es = 0.12 eV, Ee = 0.11 eV,
El = 0.105 eV, γ̃e = 1012 s−1 , and Te = 500◦ C. As T
decreases, ǫ varies from 0.16 to 4.89. Figure 4 also shows
extrapolated values to T > 463 K. We observe that η
from our theory can be fitted very well by the VogelFulcher-Tammann (VFT) empirical form with a Kauzmann temperature T0 = −1◦ C. We have also plotted
results from the ideal theory which shows a true transition at Tc = 296◦C. Finally, we note that our present
equations cannot provide a large fragility and underestimates η at low T as observable in Fig. 4. By generalizing
ǫkTe in Eq. (7) to ǫ1+ζ kTe with ζ ≥ 0 corresponding to
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a non-linear density of states of the strings, a better fit
with a higher fragility can be obtained.

IV.

VOID, STRING, CLUSTER AND CLUSTER
REPETITION

Free volumes or voids are long known to be important
for glassy dynamics [40]. The existence of voids have
been demonstrated numerically and their positions are
found to show some correlation with string-like motions
[41]. The voids most relevant to the hopping dynamics
are the rare cases of comparatively large ones associated
with the tail of the log-normal distribution of the particle
volumes [42]. Our MD simulations also show that stringlike motions do involve some slight push-away of neighboring non-hopping particles close to the string head.
The volumes of these voids therefore can be considerably
smaller than the average particle volume.
We intuitively understand string-like motions and repetitions as follows. At low T , a void is typically trapped
by the rugged energy landscape to within n + 1 adjacent
sites with similar energies that are lower than those of
the surrounding sites. The thermally activated discrete
random walks of the void among these lower energy sites
are equivalently repetitive string-like motions of length
n. More precisely, noting that strings typically consist of
coherent micro-strings [16], the random walks of a void
in general comprise of groups of short-range correlated
hops along the string.
Without using any sophisticated algorithm, string-like
motions can be easily identified visually from particle trajectories obtained by MD simulations (see e.g. Fig. 1
or Refs. [20] ) or PEL calculations [41]. Nevertheless,
further statistical analysis requires more precise definitions as implied by the algorithms of their extraction.
Algorithmically, the net displacements of particles over
a time period of ∆t are typically studied. Particles that
have hopped during ∆t are grouped into clusters of adjacent mobile particles. Each cluster is then resolved into
string-like motions on the basis that particles belonging
to a string best displace the preceding members [17].
To highlight the underlining dynamics, we find it necessary to defined strings slightly differently from the conventional definition outlined above. We require that each
string must involve one and only one void. In particular,
the mobile cluster in Fig. 3(a) then admits a unique way
of resolving the two strings as shown schematically in Fig.
3(b). Conventional definition may resolve the strings differently and the string interaction may not be detected.
In addition, a string-like motion by our definition is the
whole course of random walk of a void from one end of the
associated string to the other end. The conventional way
of specifying a fixed period of ∆t may capture only part
of the motion, especially for long strings. We have found
it straightforward to visually identify any specific string
following our criteria by visually inspecting and comparing particle trajectories taken over a few carefully chosen

time-windows, but a practical algorithm remains to be
worked out.
We have also analyzed string-like motions following
conventional algorithms [17] acclimated for shorter observation periods to allow applications to low T . String
lengths are found to nicely follow an exponential distribution down to the string length of 1 with an average
string length l ≃ 2 varying only mildly with the observation period ∆t and T . This is consistent with recent
results on Ni nano-particles [22]. Note that these stringlike motions extracted at short ∆t are not all coherent,
in contrast to micro-strings. Moreover, these strings are
mostly but not always consistent with our definition specified above.
Our understanding of the relationship between strings
and mobile clusters based on close examinations of particle trajectories from MD simulations is as follows. For
a specific period ∆t, a number of string-like motions and
pair interactions may have occurred. On examining the
net displacements of hopped particles, strings excited
once or repeated an odd number of times lead to the observations of the associated string-like motions. However,
particles in strings repeated an even number of times are
instead classified as immobile since they have returned
to the original positions. The associated string-like motions are not observed. On the other hand, pair interactions of strings can lead to cross-links between string-like
motions. Those observed string-like motions in general
cross-linked constitute the mobile clusters.
As explained above, our MD simulations show that
as T decreases, string-like motions become increasingly
repetitive. Repetitions can be broken by string interactions. In fact, as T further decreases, we observe that
pair interactions can also be reversed and repeated. More
generally, we observe reversal and repetition of sequences
of string-like motions and pair-interactions. At the lowest temperature of T = 0.26 studied, the particle motions
observed are dominated by repetitions of isolated clusters
of string-like motions. This will be studied further in the
future. Here, we note that the repetitive nature of strings
and more generally clusters are due to the frozen selfgenerated disorders characteristic of glassy fluids which
is essentially indistinguishable from quenched disorders
over a finite observation time at very low T . The recurring clusters exemplify memory effects at longer time
scales. The condition of the ideal glass transition is then
generalized from the isolation of individual strings to the
isolation or non-percolation of clusters.
We have analyzed glassy dynamics by using a mean
field theory and assumed that pair interactions of strings
are not reversed. Despite reproducing characteristic dynamics of fragile glasses, it is not expected to be accurate especially at low T as clusters become repetitive. It
will be interesting to extend our calculation by including the memory effects beyond single pair-interactions.
Ultimately, we expect to generalize our theory of glassy
dynamics to a full many-body theory of hopping strings
evolving via pair-interactions with self-generated disor-
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ders co-evolving self-consistently. In view of the complex
nature of the expected string dynamics in the presence
of disorders, an accurate analytic prediction of glassy dynamics using only microscopic material parameters seems
challenging.

V.

CONCLUSIONS

In summary, string-like motions in a typical glassy fluid
are studied by MD simulations. The main finding is that
string-like motions become increasingly repetitive as temperature is decreased towards Tg from the liquid state.
We propose the repetitive part of the motions to be β relaxations. At the same time, disruptions to the repetitive
string-like motions by pair-interactions among strings are
suggested to be the origin of α relaxations. We hence derive a theory of interacting strings and demonstrate that
it reproduces typical temperature dependence of glassy
dynamics.
Although reversal of string-like motions have been
noted before [16, 20], our MD simulations show that the
probability of reversal of particle hops can reach 93% at
very low T . In contrast to simple vibrations, the hops
that are found to reverse are fundamentally identical to
the ones that do not and ultimately contribute to α relaxations. This strong repetitive nature of hopping motions
is bound to have strong impacts on the overall dynamics.
We suggest that detailed thermodynamic theories should
also address or incorporate this finding.
The present theory is closely related to the class of kinetically constrained models (KCM) [11] motived by the
two-spin FA model [9]. In the FA model, an elementary
excitation in the form of an up-spin represents a fluid
region that has a lower than average density [28]. In our
theory, this elementary excitation corresponds to a local
region where a string exists. Since a string must possess
a void, this interpretation is consistent with and quantifies FA’s interpretation of a local region with low density.
The energy cost of such an excitation equals that of the
void. Note that the associated string-like motion is a distinct type of excitation. They lead to string interactions
and thus migration of strings in the form of string destruction and creation. The dynamics is analogous but
not identical to the spin flip dynamics in the FA model.
In our ideal glass transition theory, the frozen phase is
due to the spatial isolation of the strings, analogous to
the FA’s case. It is also analogous to a recent modification of the FA model called the limited mobility (LM)
model [43]. Recently, a facilitation model was shown to
be closely related to the mode-coupling theory [44]. Our
theory, which emphasizes memory effects, may be consistent with the latter.
Our theory differs significantly from another facilitation theory [21] of strings which explains the dynamic
slowdown in the glassy state by hierarchical constraints
and pioneers a string-based physical interpretation of the
elementary excitation in a spin model [10]. Their sug-

gestion nevertheless admits two differences from ours.
Specifically, their elementary excitation corresponds to
the motion of micro-strings as opposed to existence of
strings in this study.
Being kinetic in nature, our theory is fundamentally
distinct from existing thermodynamic string-based theories [6, 23, 24] that emphasize growing energy barriers.
The activation energy barriers of micro-strings have been
found in recent PEL calculations [41]. However, those
of strings in general may not be assessable due to their
incoherent multi-step nature. The usual assumption of
an energy barrier term proportional to l rather than the
micro-strength length would then be difficult to justify
directly. A fundamental understanding of why l should
increase upon cooling also requires more studies.
It has been suggested that string-like motion is replaced by compact mobile domains at low temperatures
[6], a notion supported by 2D colloidal experiments at
high colloid volume fractions [45]. However, such a transition has not yet been indicated in MD simulations or
PEL calculations [41]. Noting that string-like motions do
dominate the dynamics for a large class of glassy fluids
over a significant temperature range, our theory should
have a wide applicability.
In view of the rich ramifications of glassy dynamics,
there are numerous possible additional studies that can
be carried out to further scrutinize the theory. We have
extended the theory to a spatial dependent form and applied it to thin films with a free surface. This allows
the explanations of a surface mobile layer previously observed in experiments [46–48] and an exponential depthdependent flow profile found in simulations [31]. Results
will be reported elsewhere. Another possible future work
may be the extension of the MD study of string repetition and interaction to other binary or monoatomic
glassy models, although we expect similar results to prevail, as string-like motions are remarkably similar in these
different systems [14, 16, 17].
We are grateful to the support of Hong Kong GRF
(Grant 15301014) and the National Science Foundation
(Project DMR-1310536).

Appendix A: Model and simulation method

Our simulations based on a bead-spring model of polymer follow Refs. [29–31] generalized to heavier chain-tails
for producing a uniform monomer mobility. Specifically,
pairs of particles
interact via
i the Lennard Jones (LJ) poh
12
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tential 4ǫ (σ/r) − (σ/r) with a cutoff 2 · 21/6 beyond
which it becomes a constant. The potential hence has
both attractive and repulsive parts. Bonded particles
are further bounded by a finitely hextensible nonlinear
i
2
elastic (FENE) potential − k2 R02 ln 1 − (r/R0 ) where
k = 30ǫ/σ 2 and R0 = 1.5σ. We adopt LJ units which
amounts to taking σ = ǫ = 1. Internal particles in each
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chain have a mass MI = 1. However, in contrast to
common practice [29–31], one particle at each end of the
chain has a larger mass MT = 4. This leads to a uniform
mobility for all particles in the chain as is verified from
measured particle mean square displacements.
All simulations are executed using HOOMD [49] on
Nvidia GTX580 GPU’s. Our main simulations involve
two samples of polymer melts each having 1500 chains of
length 10 inside a cubic box with periodic boundary conditions simulated using a time step of 0.005. The melts
are first thermalized at T = 0.6 and then 0.5 following standard techniques [29]. They are then repeatedly
quench and anneal under NPT conditions at zero pressure by steps of ∆T = 0.02. Each of these quenching
or annealing processes involves 107 time steps. At each
T studied, the samples are further annealed for 108 time
steps before data taking during 109 addtional time steps
under NVT conditions. The data includes 104 snapshots
of both instantaneous particle positions ~ri (t) and coarsegrained positions ~ri c (t) taken after every 105 time steps.
Each recorded value of ~ri c (t) is itself an in-situ average
over 20 instantaneous positions of particle i taken after
every 50 time steps.

Here, a possible 12 αSP2 term is omitted because passive
strings do not react with each other. With the quenched
disorder minimally accounted for by the omitted term,
the allowed interactions are now described based on simple chemical kinetics of binary reactions for well-mixed
reactants.
To calculate α, we first consider the case of a large S
corresponding to a high T . Each independent box of volume Vs (see main text for definition) is occupied on average by Ns = SVs strings with Ns ≫ 1 so that all strings
are active (i.e. S = SA ). Inside the box, all strings
are assumed to overlap spatially and ready to interact.
A pair interaction also requires the simultaneous excitation of both strings. During a period τe = 1/γe , each
string on average is excited once. The period consists of
m = τe /τl subintervals each equals the lifetime τl of the
excited string. The chance that any two of the Ns strings
are excited at the same subinterval is 1/m. The total interaction rate in a box is hence RI = (1/2)Ns2 /mτe . This
gives an interaction rate density χ = RI /Vs which can
be simplified to
χ=

1 2
τl γ Vs SA 2
2 e

(B2)

Appendix B: Pair interaction rate

A comparison with Eq. (B1) leads to
In our model, strings are basically immobile except for
a single hop by each particle. A string migrates over a
limited range only after an interaction. The evolution of
strings under pair interactions is analogous to the chemical kinetics of immobile reactants such as gas molecules
adsorbed on solid surfaces [50]. It is tempting to assume
a pair interaction rate density χ = 12 αS 2 based on simple chemical kinetics for well-mixed reactants. However,
lacking any information about spatial correlations in the
quenched string positions, it cannot account for the important situation that at a small but finite S > 0, the
strings can evolve into a mutually isolated frozen state
so that χ = 0 exactly. We hence define in the main text
SA and SP which minimally keep track of the quenched
disorders. The ratio SA /SP is a measure of the state
of spatial overlapping of the strings. Noting that active
strings react with both active and passive strings, we
adopt

α = τl γe2 Vs

(B3)

after noting SP = 0.

(B1)

As a consistency check, we consider the fluid phase
close to criticality with SA ≪ SP , which is most relevant to our work. Then, active strings are few in number
and most of them must interact with passive strings. An
independent box contains an active string with a probability SA Vs . Upon classified as an active string, the box
must already hold a passive string. Similar to the calculation above, considering also the simultaneous excitation
of both strings gives an interaction rate RI = τl γe2 SA Vs
and hence a rate density χ = τl γe2 SA . A comparison with
Eq. (B1) gives α = τl γe2 /SP , which can be rewritten as
α = τl γe2 Vs /κ using κ ≃ SVs ≃ SP Vs . It differs to Eq.
(B3) only by a factor 1/κ which equals 2 at criticality.
For simplicity, we adopt Eq. (B3) by neglecting this factor which gives no qualitative change to our results.
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